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Abstract 
 
This paper builds on the content covered in the previous edition of EXTRAOrdinary 
Sense.  Frequently, quality practitioners find that the assumption of modeling a process 
using the Normal distribution is not valid.  This paper addresses two approaches to 
dealing with this type of scenario, and offers a decision making criterion for choosing 
between two techniques for a given set of data. 
 
Assumptions 
 
As was discussed in the earlier paper, there are two crucial assumptions to consider when 
performing process capability analyses, namely: 
 

1. The process is in statistical control. 
2. The distribution of the process considered is Normal. 

 
As is discussed by Walker1, Abraham De Moivre first discovered the Normal distribution 
in 1733.  This theoretical distribution has since been found to model many real life 
situations well, including distributions of heights and weights.   It is very important in 
statistical theory, for example via the Central Limit Theorem (CLT).  Though this 
theorem assists us in control chart methodology, it serves no role in capability analysis 
studies, regardless of the sample sizes obtained.   
 
 
Example 
 
Consider a distribution that is not Normally distributed.  Keep in mind that there are very 
many situations in which the assumption of Normality is not valid, e.g. when there is a 
natural boundary, say at zero, for data related to time. As is discussed by Somerville and 
Montgomery2, the results obtained from capability analyses upon the assumption of 
Normality when one is actually dealing with non-Normal distributions can lead to very 
serious errors.  
 
Consider the temperature data in Figure 1.  In this simulation we shall assume only one 
specification, on the lower end, and this LSL = 1 Celsius.  Though the process is in 
statistical control, the Normal probability plot indicates that there is concern about the 
assumption of Normality.  The histogram above that plot indicates that the distribution is 
positively skewed.  As the Anderson-Darling (A-D) test in Figure 2 shows, we are able to 
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reject the null hypothesis that the data follow a Normal distribution, even at the α = 0.01 
level.  
 
Figure 1 

 
 



Figure 2 

 
To reiterate from the previous paper, one would be advised to use a Normal probability 
plot along with the p-value associated with A-D test as such p-values are very much 
sample-size dependable. For large samples, very likely, you will reject the Normality 
assumption, though the underlying distribution may in fact be well modeled by the 
Normal distribution.     
 
Among the options available to perform a valid capability analysis are to: 
 

1. Transform the data, so that it may adequately be assumed to follow a Normal 
distribution. 

2. Assume an alternative distribution, such as the Weibull. 
 
We shall begin by investigating steps one may take to transform the data, in particular 
using the Box-Cox3 algorithm.  The algorithm itself assists us in determining how we 
may wish to transform the data (by raising each observation to a particular power), to 
result in values that, hopefully, may be appropriately modeled by the Normal distribution.  
For example, using λ = 2 implies squaring each observation, whereas a value of λ = �1 
implies taking the inverse of each data point. We find from Figure 3 that the optimum 
transform for this set of data would be to raise each observation to the power of 0.337.  
Note, however, that there may be little practical difference between using a power of 
0.337 and 0.5, though raising to the power of 0.5 (i.e. taking square roots) may be easier 
to understand and interpret.   
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Figure 3 
 

 
Note that in this case, the value of 0.5 does indeed fall inside the 95% confidence interval 
for the true value of λ. This suggests that taking square roots of the original dataset may 
be useful in order to result in an approximately Normal distribution.  If the value of 1 fell 
inside this interval, a transformation may not be justified.   
 
Upon inspecting the same data after it has been transformed by taking the square root of 
each point, one finds that the transformation may be justified.  Note that the A-D test 
exhibits a p-value greater than 0.10 (in this case, the p-value = 0.645 as shown in Figure 
4) and there are no serious deviations from linearity in the Normal probability plot.   
We may therefore reasonably conclude that (i) the process is in statistical control and (ii) 
the transformed data can be assumed to approximately follow a Normal distribution.  The 
necessary assumptions appear to have been fulfilled and we may investigate the 
capability of this process, as shown in Figure 5. 
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Frequently, statisticians make use of the Weibull distribution for modeling purposes.  The 
capability analysis in Figure 6 shows the corresponding analysis assuming a Weibull 
distribution to the original set of data.  The question therefore begs, which technique is 
better for our analysis?  One would be advised to investigate on a case-by-case basis.   
 
Figure 6 

 
 
A possible methodology for comparisons between the two procedures may be to address 
the probability plots obtained using the transformed data (assuming a Normal 
distribution) with a Weibull probability plot for the raw data.  One may also seek to 
compare the A-D test statistics using the Normal and Weibull fits to the data.  The 
Anderson-Darling statistic provides a measure of how far the plotted points fall from the 
fitted line in a probability plot. The statistic itself is a weighted squared distance from the 
plotted points to the fitted line, these weights being larger in the tails of the distribution. 
A smaller Anderson-Darling statistic therefore indicates that the distribution fits the data 
better. One should not rely on the A-D statistics alone, however, as though one value may 
be lower, it does not imply that the model fit is adequate.   
 
As is show in Figures 7 and 8, and considering the earlier investigations, with this set of 
data, one may prefer to use the transformed data, and assume the Normal distribution as 
the A-D statistic is lower (0.379 < 0.548), and we explicitly found that we were unable to 
reject the null hypothesis at the 0.10 level in Figure 4. 
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Conclusion 
 
With the reporting of capability indices, whether they be Cp, Cpk, �Sigma", etc. there are 
important assumptions that must be verified before one may reliably use these statistics.  
It is the hope of this author that consideration of and validation for these critical aspects, 
as indicated in these articles, may be of some use to quality practitioners in order to 
perform capability analyses in a more valid manner. 
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